1. Introduction. In this paper we develop sets of harmonic polynomials in x, y $ z which are orthogonal over prolate and oblate spheroids. The orthogonality is taken in several different norms, each of which leads to the discussion of a partial differential equation by means of the kernel of the orthogonal system corresponding to that norm. The principal point of interest is that the orthogonality of the harmonic polynomials in question does not depend on the shape of the spheroids, but only on their size. More precisely, the polynomials depend only on the location of the foci of the ellipse generating the spheroid, and not on its eccentricity.
The importance of constructing these polynomials stems from the role which they play in the calculation of the kernel functions and Green's functions of the Laplace and biharmonic equations in a spheroid. One can compute from the kernels, in turn, the solution of the basic boundary-value problems for these equations. As a particular case, one arrives at formulas for the solution of the partial differential equation dp 2 P dp dz 2 which arises in discussion of axially symmetric flow.
Results of the type presented here have occurred previously in the work of Zaremba [10] , and are related to recent developments of Friedrichs [3, 4] and the author [5] . The polynomials investigated in this earlier work are in two independent real variables and yield formulas for solving the Laplace and biharmonic equations in two dimensions. Thus it is natural to suggest that the basic results generalize to n-dimensional space. In this connection, it is 586 P. R. GARABEDIAN easily verified that a part of the theory carries over to arbitrary ellipsoids in three-dimensional space.
Notation and definitions.
We shall make use of rectangular coordinates x, γ, z 9 cylindrical coordinates p, φ, z, and spherical coordinates r, θ, φ. Thus x = p cos φ = r sin θ cos φ, y = p sin φ = r sin (9 sin <£, 2 = r cos ^. We define
By the addition theorem for the Legendre polynomials we obtain the wellknown expressions
where in the first case u 9 v are coordinates in the prolate spheroid (1) + --+ = 0 dp 2 P dp dz elements on S. Since z + ip = cos (u -i v) and p + iz = sin (u + ί t;) are isogonal mappings, we obtain, on the spheroid S, 
We have therefore proved: 
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The same value is obtained if we replace cos hφ by sin hφ throughout, h > 0.
For the oblate spheroids, we have, on the other hand,
pdφ dp dz Friedrichs was led to this extremal problem through his investigation of Korn's inequality and existence theorems for the partial differential equations of elasticity. We shall show in the following how the eigenfunctions can be used to solve the biharmonic equation.
One sees easily from Theorem 3 that
Sin h Φ are also orthogonal in the norm However, we do not go into details since this norm leads to no apparent application.
One can obtain quite interesting results, on the other hand, by using the orthogonality of the X Πf h an( l tne In,A over the interior of the ellipses (1) and (2) for all values of ( X to obtain a corresponding orthogonality of the same polynomials over the surface of the spheroids with respect to a suitable weight function. Indeed, we have There exist quite clearly further orthogonality properties of the polynomials U n ^ and V R h which do not depend on the shape of the spheroids (1) and (2). However, we make no pretense here at tabulating all possible orthogonal harmonic polynomials of this type (cf. [8] ), but proceed rather to apply the results already obtained to the Laplace and biharmonic equations. while its normal derivative is constant on S and
The harmonic kernel function K(P 9 Q) is defined by the formula [2] is given by [ 7 ] 1
For P on S we have The Green's function Γ(P, (^) of the biharmonic equation
is a biharmonic function of the coordinates of P 9 except at Q 9 where 600 P. R. GARABEDIAN Γ(P, Q) =-r{P, Q) + biharmonic terms, and for P on S it satisfies If h n (P) is a complete orthonormal system of harmonic functions in the sense
then the kernel function
is given by the identity [5, 10] 
The relation here between the harmonic functions h n and the biharmonic kernel function A: is a consequence of the nature of the energy integral We discuss here the expansion of the kernels K f H 9 and k in terms of the orthogonal polynomials of § 3 for the case where D is a prolate or oblate spheroid. One obtains easily from Theorems 1, 2, and 4, together with the computation of the related normalization constants, the following results: THEOREM 5. In the prolate spheroid (1) we have K{p, z 9 φ; p', z% φ') when the point p, z, <^ lies on S. This formula can be compared with the corresponding, more classical, formula which follows from Theorem 5.
Theorem 6 permits one to calculate the biharmonic Green's function for prolate or oblate spheroids, and thus in turn to solve the biharmonic boundaryvalue problem in this case. Indeed, we have (cf [5] 
r(T, P)r{T, Q) 2π ψ ψ r(T,P)r(R,Q) '
It is significant to note in this connection that all our results can be extended to the case of the region outside a spheroid. One has merely to replace for this purpose the Legendre functions P^ by the Legendre functions Q^ of second kind [6] . Thus U Uf h should be replaced, for example, by I Qn ( z + i P cos t) cos ht dt,
Jo
and V i should be replaced by
I Q n (i z -^p cos t) cos ht dt. Jo
Finally, by combining both kinds of functions, one can obtain orthonormal systems in the region between two confocal spheroids. Thus one might develop
